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Quantum oscillations in the Luttinger model with quadratic band touching:
applications to pyrochlore iridates
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Motivated by recent experiments on Pr2Ir2O7, we provide a theory of quantum oscillations in
the Luttinger model with quadratic band touching, modelled for the spin-orbit-coupled conduction
electrons in pyrochlore iridates. The magneto- and Hall resistivities are computed for electron-
and hole-doped systems, and the corresponding Shubnikov de Haas (SdH) signals are investigated.
The SdH signals are characterized by aperiodic behaviors that originate from the unconventional
Landau level structures of the Luttinger model near the neutrality point, such as the inter-Landau
level crossing, nonuniform Landau level spacings and non-parabolic dispersions along the applied
magnetic-field direction. The aperiodic SdH signals observed in the paramagnetic state of Pr2Ir2O7
are shown to be consistent with such behaviors, justifying the use of the Luttinger model and the
quadratic band touching spectrum as excellent starting points for physics of pyrochlore iridates.
The implications of these results are discussed in light of recent theoretical and experimental devel-
opments in these systems.
PACS numbers:
I. INTRODUCTION
Recent research activities in materials with strong
spin-orbit coupling (SOC) are motivated by the prospect
of discovering novel quantum ground states of interacting
electrons.1 It has been proposed that the combined effect
of electron-electron interaction and strong spin-orbit cou-
pling may lead to emergence of topological phases as well
as unusual magnetically-ordered states.1
Prominent examples are pyrochlore iridates, R2Ir2O7,
where R is a rare-earth element and Ir4+ ions form a py-
rochlore lattice.2–4 The electronic structure of this system
can be described by strongly spin-orbit-coupled Jeff =
1/2 degrees of freedom at Ir4+ sites.5–11 These materi-
als show low-temperature insulator-metal crossover when
the rare-earth elements are changed, which may be due
to varied relative-strength of the interaction and band-
width of the itinerant electrons.2–4 Hence they are ideal
playgrounds for the interplay between the interaction and
spin-orbit coupling. A number of topological phases such
as topological insulator6,7,12, axion insulator8, and Weyl
semi-metal8–10, are proposed to occur.
It has recently been shown13 that the emergence
of these novel ground states can be understood using
the so-called Luttinger model14 with quadratic band
touching7as the staring point. Here the Luttinger model
can be regarded as a minimal model for the Ir itin-
erant electrons near the Fermi level in the paramag-
netic state of pyrochlore iridates. Starting from such
a model, it is shown that topological insulator and
Weyl semi-metal can be obtained by applying a uni-
axial strain and time-reversal symmetry breaking per-
turbations, respectively.7,9,13 Furthermore, the effect of
long range Coulomb interaction on the Luttinger model
is studied, leading to the discovery of a stable non-Fermi
liquid phase.13 Since the quadratic band touching plays
such an important role, it would be important to inde-
pendently verify its presence in the paramagnetic state
of pyrochlore iridates.
In this paper, we study quantum oscillations in the
Luttinger model with quadratic band touching. More
specifically, we consider small electron- and hole-doping
situations, ne or nh ∼ 1023m−3, for the quadratic band
touching. The longitudinal and Hall resistivities are com-
puted, and the resulting SdH signals are analyzed. The
main findings of theoretical analyses is that the SdH sig-
nal is aperiodic in inverse of the applied magnetic field, in
contrast to usual SdH signals in systems with Fermi sur-
faces. This is due to unusual Landau level structures in
the Luttinger model, which show the inter-Landau level
crossing, nonuniform Landau level spacings and non-
parabolic dispersions along the applied magnetic-field di-
rection. The relations between the SdH signals and the
structures of density of states are also pointed out.
These theoretical results are compared to the aperi-
odic SdH signals observed in the paramagnetic state of
Pr2Ir2O7.
15–17 We conclude that slight doping of the
quadratic band touching is consistent with the SdH sig-
nals measured in the experiments. This could be taken
as an independent evidence that the Luttinger model
with quadratic band touching is an excellent starting
point for physics of pyrochlore iridates. We notice also
that a recent ARPES (angle resolved photoemission spec-
troscopy) study in the paramagnetic state of Pr2Ir2O7
shows the quadratic band touching spectra along the
[111] direction in the Brillouin zone.18, which would be
consistent with our results. While our study is motivated
by physics of pyrochlore iridates, our results can be ap-
plied to transport properties of any systems described
by the Luttinger model with quadratic band touching, a
generic low energy model with cubic symmetry.
The rest of the paper is organized as follows. In Sec. II,
2we analyze the peculiar Landau level structure of the Lut-
tinger model. After revisiting Luttinger’s work briefly,
we develop a perturbation theory for the transport cal-
culations. In Sec. III, the linear response theory for the
magneto-transport a` la Smrc˘ka and Str˘eda is reviewed
and applied to the Luttinger model. In Sec. IV, we dis-
cuss the origins of the unconventional SdH patterns and
discuss the theoretical results in the context of experi-
mental data. Finally, the concluding remarks are placed
in Sec. V.
II. LANDAU LEVELS OF THE LUTTINGER
MODEL
A. General case
If the magnetic field is applied to a system possess-
ing the four-fold degeneracy at the zone center (k = 0)
and the cubic symmetry, its low energy physics can be
described by the Luttinger Hamiltonian14
HL =
~
2
m
{(
γ1 +
5γ2
2
)
k2
2
− γ2(k2xJ2x + k2yJ2y + k2zJ2z )
−2γ3
(
{kx, ky}{Jx, Jy}+ {ky, kz}{Jy, Jz}
+{kz, kx}{Jz, Jx}
)
+
e
c
κJ ·B+ e
c
q
∑
α
BαJ
3
α
}
,
(2.1)
where {a, b} = (ab+ba)/2,B is the applied magnetic field
and Jα (α = x, y, z) are the J = 3/2 angular momentum
operators. Here, the angular momentum operators are
used as bases for the four bands under consideration.
The dimensionless Luttinger parameters γ1, γ2 and γ3,
control the effective masses of four conduction and va-
lence bands. Without the magnetic field, the quadratic
band touching between the conduction and valence bands
is realized when γ3 > γ1/2.
13 While κ and q are also di-
mensionless, κ can be regarded as the coefficient of the
effective total magnetic moment and q is a parameter re-
lated to the SOC. In many cases, the magnitude of q is
much smaller than γi.
19–21 For example, q/γ1 is about
0.01 in GaAs. Since the SOC strength of Ir atom is one
order of magnitude greater than that of Ga or As, it is
reasonable to expect that the value of q/γi of iridates
would be order of 0.1. The kinetic momentum operators
kα = pα + (e/c)Aα, where A is the vector potential, do
not commute with each other. Instead, they satisfy the
commutation realation [kα, kβ] = −iǫαβγ(e/c)Bγ , where
ǫαβγ is the totally antisymmetric tensor.
Considering the magnetic field along [111] direction,
the natural choice of the coordinates k1, k2 and k3 are
given by the transformations kx = (1/
√
6)k1−(1/
√
2)k2+
1/(
√
3)k3, ky = (1/
√
6)k1 + (1/
√
2)k2 + (1/
√
3)k3 and
kz = −(
√
2/3)k1 + (1/
√
3)k3. They can be rewritten as
k1 = (eB/2c)
1/2(a† + a) and k2 = −i(eB/2c)1/2(a† − a)
by using the ladder operators a† and a.
While the Luttinger Hamiltonian can be written in
terms of a 4 × 4 matrix representation, it is difficult to
find the solutions for general cases because its matrix ele-
ments are not numbers, but operators. Luttinger showed
that his model can be analytically solved only for some
special cases such as (a) k3 = 0 with B ‖ [111] and (b)
q = 0 and γ2 = γ3. Here, k3 is the momentum component
along the field direction. In those cases, one can find a
simple form of the eigenvector involving finite number of
the harmonic oscillator eigenfunctions. As a result, the
Hamiltonian has a 4× 4 matrix representation composed
only of numbers as elements. These cases are discussed
in detail in Sec. II. B.
Here we consider generic cases and present a numerical
solution. We start from the eigenvector with an infinite
sum of the Harmonic oscillator eigenfunctions un:
|ψ〉 =
∞∑
n=0
[
C
(1)
n,k3
un C
(2)
n,k3
un C
(3)
n,k3
un C
(4)
n,k3
un
]T
.(2.2)
Then, the eigenvalue problem HL|ψ〉 = ε|ψ〉 leads to the
following infinite number of coupled secular equations:
(ε− h(1)n,k3)C
(1)
n,k3
= −g1
√
(n+ 2)(n+ 1)C
(2)
n+2,k3
+ s1
√
nk¯3C
(2)
n−1,k3 − g2
√
n(n− 1)C(3)n−2,k3
−s2
√
n+ 1k¯3C
(3)
n+1,k3
− q√
2
C
(4)
n,k3
(2.3)
(ε− h(2)n,k3)C
(2)
n,k3
= −g1
√
n(n− 1)C(1)n−2,k3 + s1
√
n+ 1k¯3C
(1)
n+1,k3
+ g2
√
n(n− 1)C(4)n−2,k3
+s2
√
n+ 1k¯3C
(4)
n+1,k3
(2.4)
(ε− h(3)n,k3)C
(3)
n,k3
= −g2
√
(n+ 2)(n+ 1)C
(1)
n+2,k3
− s2
√
nk¯3C
(1)
n−1,k3 − g1
√
(n+ 2)(n+ 1)C
(4)
n+2,k3
+s1
√
nk¯3C
(4)
n−1,k3 (2.5)
(ε− h(4)n,k3)C
(4)
n,k3
= − q√
2
C
(1)
n,k3
+ g2
√
(n+ 2)(n+ 1)C
(2)
n+2,k3
+ s2
√
nk¯3C
(2)
n−1,k3
−g2
√
n(n− 1)C(3)n−2,k3 + s1
√
n+ 1k¯3C
(3)
n+1,k3
(2.6)
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FIG. 1: (Color online) Landau level dispersions of the Luttinger model near the quadratic band touching point with various
band parameters (γ1; γ2; γ3;κ; q). The red dots represent the band crossings between two consecutive low-lying Landau levels.
As shown in (a), (b), (c), the Landau level crossings appear when γ3 > γ1.
where
h
(1)
n,k3
= (γ1 + γ3)
2n+ 1
2
+
3
8
κ+
23
8
q +
(γ1 − 2γ3)
2
k¯23 ,
h
(2)
n,k3
= (γ1 − γ3)2n+ 1
2
− 1
2
κ− 13
8
q +
(γ1 + 2γ3)
2
k¯23 ,
h
(3)
n,k3
= (γ1 − γ3)2n+ 1
2
+
1
2
κ+
13
8
q +
(γ1 + 2γ3)
2
k¯23 ,
h
(4)
n,k3
= (γ1 + γ3)
2n+ 1
2
− 3
2
κ− 23
8
q +
(γ1 − 2γ3)
2
k¯23 ,
(2.7)
g1 = (γ2 + 2γ3)/
√
3, g2 = −
√
2/3(γ2 − γ3), s1 = 2(γ2 −
γ3)/
√
3 and s2 =
√
2/3(2γ2 + γ3). The coefficient C
(m)
n
vanishes when n is negative.
While this set-up allows us to study the Luttinger
model non-perturbatively for arbitrary Luttinger param-
eters and momenta, finding the infinite number of co-
efficients C
(m)
n is an extremely difficult task. However,
if we are interested in the spectra when the band-filling
is close to the half-filling, this problem can be resolved
by setting a cutoff for the sum over n. The solutions
of the Luttinger model for the case (a) and (b) indicate
that the eigenvectors near the band touching point in-
volve only small quantum numbers n < nc. Even if k3 is
nonzero and γ2 6= γ3, the contributions from the higher
Landau levels (n ≫ nc) to the low-lying Landau levels
(n < nc) are expected to be small and we checked that
they are indeed negligible even for large momenta. Given
a large enough cutoff n = N ≫ nc, the coefficient C(m)n is
assumed to be zero when n > N so that the secular equa-
tions become an eigenvalue problem of a 4N×4N matrix
with elements provided by the above secular equations.
4This process gives us reliable solutions for the Landau
levels involving un’s with n < nc.
In Fig. 1, we plot energy spectra of the Luttinger
Hamiltonian for wide range of the Luttinger parameters
satisfying two constraints (i) γ3 > γ1/2 (quadratic band
touching) and (ii) γ2 ≥ γ3. The latter condition reflects
the fact that the effective mass along Γ-L is heavier than
that along Γ-K in the previous tight binding model cal-
culations. From these energy spectra, we note several
generic properties of the Landau levels of the Luttinger
model with quadratic band touching. First, the Lan-
dau level crossing away from the half-filling appears for
a wide range of the Luttinger parameters when γ1 < γ3
as represented by red dots. This happens because the
minimum of the n = −1 conduction Landau level is
3
2 (γ1−γ3)−κ/2−13q/8 while the maximum of the n = −2
valence Landau level is 12 (γ1 − γ3) − κ/2 − 13q/8 (No-
tice that, in this discussion, we are using the Luttinger’s
convention for the Landau level labelling for the case of
k3 = 0 in his work
14). Hence, the level crossing between
n = −1 and n = −2 Landau levels are inevitable when
γ1 − γ3 is negative. Second, the non-uniform Landau
level spacings and effective masses in the Landau level
structures near the quadratic band touching point are
ubiquitous for any set of the Luttinger parameters.
B. Isotropic case γ2 = γ3
Let us now consider the special case of γ2 = γ3 or the
case (b) mentioned earlier. The advantage of this case is
that one can obtain an analytic solution, which becomes
useful when we consider transport properties in the Lit-
tinger model. It is shown below that general features of
the spectra in this case are qualitatively similar to those
in the general cases considered in the previous section.
Here, the Luttinger Hamiltonian is reduced to a simpler
form:
HbL =
~
2
m
{
γ12
k2
2
− γ¯ (k · J)2 + (κ− γ¯
2
)
e
c
J ·B
}
, (2.8)
where γ¯ = γ2 = γ3 and γ12 = γ1 + (5/2)γ¯. The last
term of Eq.(2.1), Hq =
e
cq
∑
αBαJ
3
α, would be regarded
as a perturbation. While the reduced Hamiltonian (2.8)
is rotationally invariant so that the Landau level struc-
tures are independent of the field direction, we assume
that B is along [111] direction in the rest of the paper
for convenience. Notice, however, that Hq term would
break the rotational invariance and would make the mag-
netic response anisotropic. If we adopt the Luttinger’s
choice for the representations of the angular momentum
operators14, the matrix form of the Hamiltonian (2.8) is
given by
HbL = ~ωc


d1Nˆ +
d1 + 3κ
2
+ d3k¯
2
3 −
√
3γ¯a2 −√6γ¯k¯3a 0
−√3γ¯a†2 d2Nˆ + d2 − κ
2
+ d4k¯
2
3 0
√
6γ¯k¯3a
−√6γ¯k¯3a† 0 d2Nˆ + d2 + κ
2
+ d4k¯
2
3 −
√
3γ¯a2
0
√
6γ¯k¯3a
† −√3γ¯a†2 d1Nˆ + d1 − 3κ
2
+ d3k¯
2
3


, (2.9)
where d1 = γ1 + γ¯, d2 = γ1 − γ¯, d3 = (γ1 − 2γ¯)/2,
d4 = (γ1 + 2γ¯)/2, Nˆ = a
†a, k¯3 = lBk3 and the magnetic
length lB =
√
~/eB. In the same way, the perturbative
part has its matrix representation as
Hq = ~ωcq


23
8 0 0 − 1√2
0 − 138 0 0
0 0 138 0
− 1√
2
0 0 − 238

 . (2.10)
The unperturbed model can be solved by a trial state
ψn,jk3 =
[
cn,jk3,1un c
n,j
k3,2
un+2 c
n,j
k3,3
un+1 c
n,j
k3,4
un+3
]T
(2.11)
where un is the coherent state of the harmonic oscilla-
tor for n ≥ 0 and zero for n < 0. While the integer
number n runs from −3, the other integer j in cn,jk3 can
have its value from 1 to n + 4 for n < 0 and from 1
to 4 for n ≥ 0. By solving the secular equation for the
4× 4 matrix constructed by the coherent states, one can
obtain the eigenenergies ǫn,jk3 and the coefficients c
n,j
k3,i
as
eigenvectors.
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FIG. 2: (Color online) (a) Landau level spectra for a set of Luttinger parameters (γ1; γ¯;κ; q) = (1; 2; 1;−0.2) as functions of
k3lB. The dashed line near the zero energy represents the Fermi level at half-filling. (b) Densities of states for the dispersions
in (a) with Landau level broadenings Γ = 0.01 meV and Γ = 0.08 meV. For both cases, the strength of the magnetic field
is 5T. Panels from (c) to (e) exhibit the SOC-induced band inversion for n = −1 Landau levels. Once they experience the
gap-closing, as q grows, the band gap starts to increase again.
The perturbative correction of Hq can be computed
from its matrix element as
〈ψm,ik3 |Hq|ψ
n,j
k3
〉
~ωcq
= δm,n
{
23
8
(
cm,i1 c
m,j
1 − cm,i4 cm,j4
)
−13
8
(
cm,i2 c
m,j
2 − cm,i3 cm,j3
)}
−δm,n−3 1√
2
cm,i4 c
m+3,j
1
−δm,n+3 1√
2
cm,i1 c
m−3,j
4 , (2.12)
where cm,i1 ≡ cm,ik3,1 etc. From this, one can note a selec-
tion rule forHq; the states on the n-th Landau levels have
nonzero matrix elements only with those on the n− 3, n
and (n+3)-th Landau levels. As shown in Fig. 2(a), the
energy difference between n-th and n − 3 or (n + 3)-th
Landau levels is usually nonzero and much larger than
~ωc. As a result, for q ≪ 1, we can only consider the
first order contributions within the degenerate perturba-
tion scheme, where the dimension of the Hilbert space is
reduced to the number of the n-th Landau levels.
As an example of the quadratic band touching case,
we consider a set of Luttinger parameters, γ1 = 1, γ¯ = 2,
κ = 1 and q = −0.2. The Landau levels for this pa-
rameter set are drawn in Fig. 2(a) as functions of k3lB.
Unlike the usual Landau level structures for the quadratic
band, the Landau level spectra for the Luttinger model
with the quadratic band touching display many uncon-
ventional features such as inter-Landau level crossings,
nonuniform Landau level spacing and various effective
masses. Since all the field dependences are included in
k3lB after factoring out the cyclotron energy of (2.9), the
Landau level structures in Fig. 2(a) are independent of
the magnetic field.
Although only the electronic structures near the zone
center can be obtained by the Luttinger model, one can
still determine the Fermi level at half filling by consid-
ering the finite number of Landau levels when the num-
ber of the conduction and valence bands are equal to
each other. In the extreme case, when the Landau level
6broadening is vanishing (Γ = 0), the Fermi level at half-
filling is just the energy at the crossing point between
n = −3 and −1-th Landau levels as indicated by the
grey dashed line in Fig. 2(a). If Γ > 0, we increase
the cutoff of the Landau level index n until the Fermi
levels obtained from the finite number of Landau levels
are unaffected by further increment of the cutoff. In the
limit of vanishing magnetic field, we would recover the
quadratic band-touching at the Fermi level because the
distance ∆k3 between those two crossing points is pro-
portional to 1/lB. The transformation of the quadratic
band touching into the band crossing is one of the non-
trivial quantum effects which might be ascribed to the
multi-orbital nature of the model system as well as the
Zeeman splitting.
We note another interesting feature of the Luttinger’s
Landau levels; the inversion between Landau levels oc-
curs as q varies as shown in Fig. 2 (c) to (e) for the
n = −1 Landau levels. Those two eigen-energies of
n = −1 Landau levels at k3 = 0 are evaluated as
E−1,10 = −2 − (13/8)q for the conduction band and
E−1,20 = 3− (5/8)q− (81q2− 216q+528)1/2/4 for the va-
lence band. They move to each other in energy as a func-
tion of q and the gap closes when q = 4(47−√1689)/65 ≈
0.3632. Further increase in q results in the re-opening of
the band gap. This band inversion is also observed in
other valence Landau levels. During this process, the co-
efficients of the eigenvectors are relatively insensitive to
the variation of q (less than 10% of the unperturbative
ones up to q = 0.5). We call this behavior as the SOC-
induced Landau level inversion since q is controlled by
the SOC. In the rest of the paper, for simplicity we fo-
cus on the γ2 = γ3 case that captures all the qualitative
features of the Landau level spectra in general cases.
III. MAGNETO-TRANSPORT IN THE
LUTTINGER MODEL
The zero-temperature magneto-conductivity σ11 and
the Hall conductivity σ12 are calculated by applying the
formula constructed by Smrc˘ka and Str˘eda22–24, which is
given by
σ11 = i
~e2
V
∫ µ
−∞
dη
〈
Tr
{
δ(η − Hˆ)vx ∂G
+
∂η
vx − δ(η − Hˆ)vx ∂G
−
∂η
vx
}〉
(3.1)
σ12 = i
1
2
~e2
V
〈
Tr
{
vxG
+(µ)vyδ(µ− Hˆ)− vyG−(µ)vxδ(µ− Hˆ)
}〉
− e∂N(µ)
∂B
(3.2)
where V is the system’s volume, G± = (η−Hˆ±iǫ)−1, and
N(µ) is the density of electrons below the Fermi energy.
The average is taken over the impurities and the averaged
Green’s function is expressed as 〈G(z)〉 = (z−Hˆ0+iΓ)−1,
where Γ represents the impurity scattering.25,26 Instead
of applying the self-consistent scheme27, we simply use
a constant level-broadening parameter and neglect pos-
sible level shifts as we concern mostly about qualitative
features of the transport properties.28 We believe that
the main conclusions of our simple model would be ro-
bust in the weak impurity scattering limit. If the im-
purity scattering strength is weak enough, the overlaps
between broadened Landau levels are negligible. In this
case, the complex self-energy structures such as the level-
dependent Landau level broadenings and shifts which are
expected from an anisotropic model would cause only mi-
nor effects in the periodicity of the SdH signals. Now the
conductivities can be written as
σ11 =
~e2
4π3l2B
∑
n,j,m,i
∫
dk3
∣∣∣〈ψn,jk3 |v1|ψm,ik3 〉
∣∣∣2 Γ(
µ− En,jk3
)2
+ Γ2
Γ(
µ− Em,ik3
)2
+ Γ2
(3.3)
σ12 = − ~e
2
4π3l2B
∑
n,j,m,i
∫
dk3Im
[
〈ψn,jk3 |v1|ψ
m,i
k3
〉〈ψm,ik3 |v2|ψ
n,j
k3
〉
µ− Em,ik3 + iΓ
]
Γ(
µ− En,jk3
)2
+ Γ2
− e∂∆N(µ)
∂B
, (3.4)
where Em,ik3 is the eigenvalue including the perturbative
correction via HbL + Hq. Here, ∆N(µ) = N(µ) − N0 is
the density of electrons measured from the half-filled case
(N0) which, as a constant, does not affect the derivative
7∂N/∂B. Since we assume cutoffs for n and k3 in real eval-
uations, this relative quantity is more natural and would
yield no difference in calculating ∂N/∂B, compared with
the full-band consideration of the lattice model if we
deal with small enough carrier densities and large enough
magnetic fields. The relative density is represented as
∆N(µ) =
1
4π3l2B
∑
n,j
∫
dk3
(
tan−1
µ− En,jk3
Γ
+
π
2
)
. (3.5)
The velocity operator for the Luttinger model, vσ =
(i/~)[H,xσ], is given by
vσ =
i~
2m
γ12[k
2, xσ]− i~
m
γ¯
∑
α,β
[{kα, kβ}, xσ]{Jα, Jβ}
=
~
m
γ12kσ +
2~
m
γ2
∑
α
kα{Jα, Jσ}, (3.6)
where the identity
∑
α,β [{kα, kβ}, xσ]{Jα, Jβ} =
−2i∑α kα{Jα, Jσ} is used. To understand the selection
rule of the velocity operator, let us start by defining a
‘seed’ state |φn〉 =
[
un un+2 un+1 un+3
]T
which has
nonzero overlap only with eigenstates with the same
Landau level index n, i.e., |ψn,jk3 〉. Using this definition,
the eigenstate can be re-expressed as |ψn,jk3 〉 = C
n,j
k3
|φn〉,
where Cn,jk3 is the 4×4 diagonal matrix with components
[Cn,jk3 ]ii = c
n,j
k3,i
. Then, a new state obtained by the
operation of the velocity operator (σ = 1 or 2) on ψn,jk3
is given by
vσ|ψn,jk3 〉 =
(−i)σ−1~√
2mlB
(
A
n,j
k3,σ
|φn−1〉+Bn,jk3,σ|φn+1〉
)
(3.7)
where the elements of the diagonal matrices An,jk3,σ
and Bn,jk3,σ read that [A
n,j
k3,σ
]11 = ±cn,jk3,1
√
n(γ1 +
4γ¯), [An,jk3,σ]22 = (2c
n,j
k3,1
√
3(n+ 1)γ¯ ± cn,jk3,2
√
n+ 2(γ1 +
6γ¯)), [An,jk3,σ]33 = (c
n,j
k3,1
√
6γ¯k3lB ± cn,jk3,3
√
n+ 1(γ1 +
6γ¯)), [An,jk3,σ]44 = (−c
n,j
k3,2
√
6γ¯k3lB + 2c
n,j
k3,3
√
3(n+ 2)γ¯ ±
cn,jk3,4
√
n+ 3(γ1 + 4γ¯)), [B
n,j
k3,σ
]11 = (c
n,j
k3,1
√
n+ 1(γ1 +
4γ¯) + 2cn,jk3,2
√
3(n+ 2)γ¯ + cn,jk3,3
√
6γ¯k3lB), [B
n,j
k3,σ
]22 =
(cn,jk3,2
√
n+ 3(γ1 + 6γ¯) − cn,jk3,4
√
6γ¯k3lB), [B
n,j
k3,σ
]33 =
(cn,jk3,3
√
n+ 2(γ1+6γ¯)+2c
n,j
k3,4
√
3(n+ 3)) and [Bn,jk3,σ]44 =
cn,jk3,4
√
n+ 4(γ1 + 4γ¯). Here the upper(lower) sign of ‘±’
corresponds to σ = 1(2). As a result, the velocity matrix
elements are non-vanishing only if the Landau level dif-
ference is one just like the case of the conventional two
dimensional electron gas (2DEG). Although the struc-
ture of the velocity operator of the Luttinger model is
more complicated than that of the conventional 2DEG,
one can note that they become essentially the same when
γ¯ vanishes. This is because all the complexities originate
from the inter-orbital mixing terms of the Hamiltonian
(2.9) and they are proportional to γ¯.
IV. QUANTUM OSCILLATIONS
For realistic evaluations of σ11 and σ12 for Pr2Ir2O7,
we may need more precise informations about the Lut-
tinger parameters, γi’s, κ and q. Although such informa-
tions are lacking at present, we notice that the qualita-
tive structures of the Landau levels are robust for wide
ranges of the parameters. Thus we only fix the effective
mass of the valence band to be six times the bare elec-
tron mass as a minimal consideration of the electronic
structure, which would be consistent with the previous
tight-binding model constructions9. For this, we set the
parameters as γ1 = 1, γ¯ = 2, κ = 1, q = −0.2 and
m = 6me, where me is the mass of the bare electron.
By converting the conductivities into the resistivities via
ρ11 = σ11/(σ
2
11 + σ
2
12) and ρ12 = −σ12/(σ211 + σ212), we
plot the magneto- and Hall resistivities as functions of
the magnetic field in Fig. 3. We consider both electron
and hole doped cases with ne or nh = 1.4× 1023m−3.
The magneto-resistivitiy, starting from the finite zero-
field resistivity, shows overall increasing trend due to the
growing Landau level spacing as a function of the mag-
netic field. The Hall resistivity ρ12 exhibits the positive
(negative) sign for the electron(hole)-doped case, where
ρ21 = −ρ12. Notice that the Hall resistivity is vanishing
at B = 0 since we are considering a paramagnetic state.
The SdH signals are obtained from the magneto-
resistivity curves by extracting their oscillating compo-
nents. The electron-doped case with Γ = 0.08meV is
plotted in Fig. 3 (c). We checked that its local min-
ima arise whenever the corresponding Fermi level touches
one of the van-Hove singularities of the Landau level
spectra. When the magnetic field is decreased, the dis-
tance ∆(1/B) between two neighboring minima is sud-
denly widened above B−1 ∼ 0.2T−1. The reason for this
change in the periodicity is that the energy difference
between two nearest neighboring Landau levels, such as
n = −2 & n = 0 Landau levels near E/~ωc = 5 and
n = −1 & n = 1 near E/~ωc = 10, become comparable
to the Landau level broadening so that the broadened
DOS cannot distinguish these Landau levels.
The quantum oscillation for the hole-doped case (Fig.
3 (f)) shows more interesting features. First, if Γ = 0.08
meV, one can notice again that the local minima of the
SdH curve are connected to the local maxima of the DOS
in Fig.2(b). However, when the impurity strength is
weaken (Γ = 0.01meV), one can observe more local min-
ima than the previous one. While this is also ascribed
to the improved resolution by reducing the Landau level
broadening, the minimum point A2 is distinguishing in
that it appears at the minimum point of the DOS as
shown in Fig.2(b). The origin of the new minimum in
SdH signal can be found from the Fig.2(c), where we
mark the corresponding Fermi levels by red dashed lines.
The minimum A2 arises at the crossing point of two Lan-
dau levels with indices n = −2 and n = −1. Since the
difference between those two Landau level indices is one,
the crossing point satisfies the selection rule of the veloc-
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FIG. 3: (Color online) The magneto- and Hall resistivities, and the SdH signals are plotted for both electron and hole doped
cases in the upper ((a) to (c)) and lower ((d) to (f)) panels, respectively. In (f), the SdH signals with different impurity
strengths are compared to each other. The indices Ai and Bi represent the local minima of the curves. Densities of states and
the Fermi levels corresponding to some of the minima in the SdH signal are shown in Fig. 2(b) and (c).
ity operator. Furthermore, the transitions corresponding
to |〈ψn,jk3 |v1|ψ
m,i
k3
〉|2 occur nearly or exactly at the same
energies around the crossing points, hence the product of
two Lorentzians in (3.3) gives a large contribution to the
conductivity.
For both electron and hole doped cases, we can recover
the periodic quantum oscillations in the (very) weak field
limit. On the other hand, the complicated SdH signals
in the strong magnetic fields reflect the unconventional
Landau level structures of the Luttinger model near the
band touching point such as the inter-Landau level cross-
ing and nonuniform Landau level spacings.
V. CONCLUSIONS AND DISCUSSIONS
The Luttinger model with quadratic band touching
has been proposed as a minimal model for the elec-
tronic structure in the paramagnetic state of pyrochlore
iridates.13 As mentioned earlier, a number of novel quan-
tum ground states are shown to arise once appropri-
ate perturbations are taken into account.7–9,13 Hence
it is clearly important to establish the validity of the
quadratic band touching spectra in this class of materi-
als. We propose that quantum oscillations in magneto-
transport in the paramagnetic states of pyrochlore iri-
dates may present such an evidence via the aperiodic be-
haviors of SdH signals that come from unusual Landau
level structures of the Luttinger model with quadratic
band touching. In this work, we did not consider the
effect of the long-range Coulomb interaction although
it was shown, in a previous work where one of the au-
thors was involved, that a non-Fermi liquid state arises
when the electron-electron interaction is introduced to
the Luttinger model with quadratic band touching. On
the other hand, we expect that the qualitative features
of the Landau-level structures and quantum oscillations
would not change much as the renormalized dynamical
exponent z = 1.9 in three-dimensions is not very differ-
ent from z = 2 of the quadratic band-touching spectra
in the non-interacting model. Hence, for the purpose of
our current work on the SdH signals, we believe the non-
interacting model is a good starting point.
Indeed the aperiodic SdH signals17 observed in the
paramagnetic states of Pr2Ir2O7 are consistent with the
theoretical results if a small hole-doping nh ∼ 1023m−3
and an effective mass of m ∼ 6me are assumed for the
quadratic band touching with moderate strength of im-
purity scattering (Γ ∼ 0.08meV ). The range of high
magnetic fields where the aperiodic SdH signals are seen
and the estimated density of holes are consistent with the
experimental findings.15–17
Combined with the recent ARPES experiments on
Pr2Ir2O7, where the signatures of the quadratic band
touching is seen along the [111] direction18, quantum os-
cillations may provide valuable informations about the
underlying electronic structure that are responsible for
the emergence of many novel quantum ground states. It
9will be very interesting to perform quantum oscillation
experiments on other pyrochlore iridates and investigate
the universality of the underlying theoretical model.
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